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Abstract: We construct non-relativistic string and p-brane actions in Newton-Cartan
background using the limiting procedure from the relativistic string and p-brane action in
general background. We also find their Hamiltonian formulations when however we restrict
ourselves to the case of the vanishing gauge field mµ.
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1. Introduction
Today it is well known that strong correlated systems in condensed matter can be sucess-
fully described with the help of non-relativistic holography, for review see for example [1].
This duality is based on the idea that the strongly coupled theory on the boundary can
be described by string theory in the bulk. Further, when the curvature of the space-time
is small we can use the classical gravity instead full string theory machinery. In case of
non-relativistic holography the situation is even more interesting since we have basically
two possibilities: Either we use Einstein metric with non-relativistic isometries [2, 3, 4] or
we introduce non-relativivistic gravities in the bulk [5, 6], like Newton-Cartan gravity [7]
1 or Horˇava gravity [8]. Then it is certainly very interesting to study matter coupled to
non-relativistic gravity. We can either study field theories on non-relativistic background
as in [19, 20, 21, 22, 23, 24] or particles [25, 26, 27, 28] or even higher dimensional objects,
as for example non-relativistic strings and p-branes [18, 36].
In this work we would like to focus on the canonical formulation of non-relativistic
string and p-brane in Newton-Cartan background. The starting point of our analysis is the
relativistic string in general background that couples to NSNS two form. Then we use the
limiting procedure that was proposed in [19] and try to find corresponding string action.
Note that this is different limiting procedure than in case of the non-relativistic string in
flat background where the non-relativistic limit is performed on coordinates [29, 30, 31] 2.
It is important to stress that if we apply this limiting procedure that leads to corank-1
spatial metric and rank one temporal metric of Newton-Cartan gravity to the case of the
string action we find that there is no way how to ensure that this action is finite. In
order to resolve this problem we have to select two flat target space longitudial directions
exactly in the same way as in [18]. Then we propose such an ansatz for NSNS two form
field that is constructed with the help of the fields that define Newton-Cartan geometry
and where the divergent contribution from the coupling to NSNS two form exactly cancels
1For some recent works, see [9, 10, 11, 12, 13, 14, 15, 16, 17].
2For recent work, see for example [32, 33, 34, 35].
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the divergent contribution coming from Nambu-Gotto part of the action. As a result we
obtain an action for the string in Newton-Cartan background that was proposed in [18]
using different procedure. As the next step we proceed to the canonical formulation of this
theory. Then however we encounter an obstacle in the form that we are not able to invert
relation between conjugate momenta and velocity in case of non-zero gauge field m aµ whose
explicit definition will be given in the next section. For that reason we restrict ourselves
to the case of the zero gauge field keeping in mind that the case of on-zero gauge field
deserves further study. Then we find Hamiltonian for this non-relativistic string that is
linear combination of two first class constraints which is the manifestation of the fact that
two dimensional string action is invariant under world-sheet diffeomorphism. As the next
step we generalize this analysis to the case of p−brane. We firstly determine well defined
action for non-relativistic p-brane when we consider specific form of the background p+ 1
form that couples to the world-volume of p-brane. Then we introduce an equivalent form
of p−brane action that allows us to consider canonical analysis of this theory. Finally we
determine constraint structure of this theory and we show that there are p + 1 first class
constraints, p− spatial diffeomorphism constraints and one Hamiltonian constraint. We
again show that these constraints are the first class constraints.
This paper is organized as follows. In the next section (2) we determine the form of
non-relativistic string in Newton-Cartan background and perform its Hamiltonian analysis.
Then in section (3) we generalize this analysis to the case of p−brane. Finally in conclusion
(4) we outline our results and suggest possible extension of this work.
2. Review of the Non-relativistic Limit for Nambu-Gotto String
In this section we derive non-relativistic form of the string action in Newton-Cartan back-
ground using the limiting procedure developed in [15]. We start with the Nambu-Gotto
form of the action in the general background
S = −τ˜F
∫
dτdσ
√
− det(E Aµ E Bν ηAB∂αxµ∂βxν) + τ˜
∫
dτdσBµν∂τx
µ∂σx
ν , (2.1)
where E Aµ is d−dimensional vierbein so that the metric components have the form
Gµν = E
A
µ E
B
ν ηAB , ηAB = diag(−1, 1, . . . , 1) (2.2)
Note that the metric inverse Gµν is defined with the help of the inverse vierbein EµB that
obeys the relation
E Aµ E
µ
B = δ
A
B , E
A
µ E
ν
A = δ
ν
µ . (2.3)
Further, Bµν is NSNS two form field that plays the crucial role in the limiting proce-
dure. Finally xµ , µ = 0, . . . , d − 1 are embedding coordinates of the string where the two
dimensional world-sheet is parameterised by σα ≡ (τ, σ).
Let us now proceed to the brief description of the procedure that leads to Newton-
Cartan background from general background, for more detailed discussion, see the original
paper [15]. The starting point is following ansatz for d−dimensional vierbein [15]
E 0µ = ωτµ +
1
2ω
mµ , E
a′
µ = e
a′
µ , (2.4)
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where a′ = 1, . . . , d−1 and where ω is free parameter which goes to infinity in the Newton-
Cartan limit. Note that in this case the metric has the form
Gµν = E
A
µ E
B
ν ηAB = −ω2τµτν −
1
2
τµmν − 1
2
τνmµ + hµν +
1
4ω2
mµmν =
= −ω2τµτν + h¯µν + 1
4ω2
mµmν , h¯µν = hµν − 1
2
τµmν − 1
2
τνmµ , hµν = e
a′
µ e
b′
ν δa′b′ .
(2.5)
Inserting this metric into the Nambu-Gotto action and performing expansion with respect
to ω we obtain
S = −τ˜Fω2
∫
dτdσ
√
− deta− τ˜F
2
∫
dτdσ
√
− det aaαβ h¯αβ , (2.6)
where we defined
aαβ = τµν∂αx
µ∂βx
ν , aαβaβγ = δ
α
γ , h¯αβ = h¯µν∂αx
µ∂βx
ν . (2.7)
We also used the fact that aαβ is 2×2 matrix that is non-singular. Apparently we see from
(2.7) that there is a term proportional to ω2 that cannot be made finite by rescaling of τ˜F .
In case of the string in the flat non-relativistic background such a term can be canceled
with the suitable form of the background NSNS two form. Further, , this two form field
should be build from the fields that define Newton-Cartan theory as mµ, τν . However it
turns out that it is not possible to find such a NSNS two form due to the fact that it has
to be antisymmetryc in space-time indicies. In order to find solution of this problem we
implement the generalization of the Newton-Cartan gravity that was introduced in [18].
Explicitly, we split the target-space indices A into A = (a′, a) where now a = 0, 1 label
longitudial and a′ = 2, . . . , d − 1 correspond to transverse directions. Then we introduce
τ aµ so that we write
τµν = τ
a
µ τ
b
ν ηab , a, b = 0, 1 , ηab = diag(−1, 1) . (2.8)
In the same way we introduce vierbein e a
′
µ , a
′ = 2, . . . , d−1 and also we generalize mµ into
m aµ . The τ
a
µ can be interpreted as the gauge fields of the longitudinal translations while
e a
′
µ as the gauge fields of the transverse translations [18]. Then we can also introduce their
inverses with respect to their longitudinal and transverse subspaces
e a
′
µ e
µ
b′ = δ
a′
b′ , e
a′
µ e
ν
a′ = δ
ν
µ − τ aµ τνa , τµaτ bµ = δba , τµae a
′
µ = 0 , τ
a
µ e
µ
a′ = 0 .
(2.9)
Performing this generalization implies following form of the vierbein
E aµ = ωτ
a
µ +
1
2ω
m aµ , E
a′
µ = e
a′
µ (2.10)
so that we find following form of the metric
Gµν = E
a
µ E
b
ν ηab + E
a′
µ E
b′
ν δa′b′ =
= ω2τµν + hµν +
1
2
τ aµ m
b
ν ηab +
1
2
m aµ τ
b
ν ηab +
1
4ω2
m aµ m
b
ν ηab .
(2.11)
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It was shown in [15] that in order to find the right form of the particle action in Newton-
Cartan background we should consider following ansatz for the background gauge field
Aµ = ωτµ − 12ωmµ. In order to find correct form of the action for the string in Newton-
Cartan background we propose analogue form of the NSNS two form
Bµν =
(
ωτ aµ −
1
2ω
m aµ
)(
τ bν −
1
2ω
m bν
)
ǫab =
= ω2τ aµ τ
b
ν ǫab −
1
2ω
(m aµ τ
b
ν + τ
a
µ m
b
ν )ǫab +
1
4ω2
m aµ m
b
µ ǫab , ǫab = −ǫba , ǫ01 = 1 .
(2.12)
It is important that terms proportional to ω−2 and ω−4 vanish in the limit ω → ∞ while
the divergent contribution cancel the divergence coming from Nambu-Gotto part of the
action since
− τ˜Fω2
∫
d2σ
√
− det a+ τ˜F
2
∫
d2σǫαβBµν∂αx
µ∂βx
ν
= −τ˜Fω2
∫
d2σ det τ aα + ω
2 τ˜F
2
∫
d2σǫαβǫabτ
a
α τ
b
β = 0 ,
(2.13)
where we introduced 2×2 matrix τ aα ≡ τ aµ ∂αxµ and where we used the fact that det τ aα =
1
2ǫ
αβǫabτ
a
α τ
b
β where ǫ
αβ = −ǫβα , ǫ01 = 1 is antisymmetric symbol with upper indices.
In summary we obtain the action for non-relativistic string in Newton-Cartan back-
ground in the form
S = −τF
2
∫
d2σ
√
− det aaαβh¯αβ , (2.14)
where τ˜F = τF . Note that the action (2.14) was derived previously in [18] using slightly
different procedure.
Our goal is to find Hamiltonian formulation of this theory. To do this we rewrite the
Lagrangian density introduced in (2.14) into the form
L = 1
4λτ
(h¯ττ − 2λσh¯τσ + (λσ)2h¯σσ)− λττ2F h¯σσ +
+ Bτ
(
λτ −
√− det a
2τFaσσ
)
+Bσ
(
λσ − aτσ
aσσ
)
.
(2.15)
It is easy to see an equivalence of these two Lagrangians since the equations of motion for
Bτ and Bσ give
λτ =
√− deta
2τFaσσ
, λσ =
aτσ
aσσ
. (2.16)
Inserting this result into (2.15) and using the fact that
1
λτ
= −2τFaσσ
√
− deta , λ
σ
λτ
= 2τFa
τσ
√
− deta ,
1
4λτ
((λσ)2 − 4τ2F (λτ )2) = −
τF
2
aσσ
√
− deta
(2.17)
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we find that (2.15) reduces into (2.14). Then from (2.15) we obtain conjugate momenta
pµ =
1
2λτ
h¯µν∂τx
ν − λ
σ
2λτ
h¯µν∂σx
ν −Bτ 1
2τFaσσ
τµν∂αx
νaατ
√
− deta− B
σ
aσσ
τµν∂σx
ν ,
P τB =
∂L
∂∂τBτ
≈ 0 , P σB =
∂L
∂∂τBσ
≈ 0 , P τλ =
∂L
∂∂τλτ
≈ 0 , P σλ =
∂L
∂∂τλσ
≈ 0
(2.18)
Now we come to the most important problem in our analysis which is an imposibility
to invert the relation between pµ and ∂τx
µ in order to express ∂τx
µ using the canonical
variables. The reason why we are not able to do it is in the presence of the vector field
m aµ so that the contraction of the metric h¯µν with τ
µ is non-zero. For that reason we
restrict to the simpler case when m aµ = 0. Despite of this simplification we will see that
even in this case the Hamiltonian formulation of the non-relativistic string in Newton-
Cartan background is non-trivial task. In case when m aµ = 0 we have h¯µν = hµν and
h¯µνh
νρh¯ρσ = hρσ and hence from (2.18) we obtain(
pµ +
λσ
2λτ
hµρ∂σx
ρ
)
hµν
(
pν +
λσ
2λτ
hνσ∂σx
σ
)
=
1
4(λτ )2
∂τx
µhµν∂τx
ν . (2.19)
On the other hand let us multiply both sides of expression (2.18) with τµaηabǫbcτ
c
ρ ∂σx
ρ and
we obtain
pµτ
µ
aη
abǫbcτ
c
ρ ∂σx
ρ = −Bτ 1
2τFaσσ
∂αx
µτ aµ ǫabτ
b
ρ ∂σx
ρaατ
√
− deta−Bσ 1
aσσ
∂σx
µτ aµ ǫabτ
b
ν ∂σx
ν
= −Bτ 1
2τFaσσ
∂τx
µτ aµ ǫabτ
b
ρ ∂σx
ρ aσσ
deta
√
− deta = 1
2τF
Bτ
(2.20)
using
τµaτµν = τ
b
ν ηba (2.21)
and also we used the fact that
√
− deta = det τ aα = τaτ τ bσǫab , (2.22)
where τ aα = τ
a
µ ∂αx
µ. Then the relation (2.20) implies following primary constraint
Γτ ≡ 2τF pµτµaηabǫbcτ cρ ∂σxρ −Bτ ≈ 0 . (2.23)
On the other hand if we multiply the relation (2.18) with τµντνρ∂σx
ρ we obtain
pµτ
µντνρ∂σx
ρ = −Bτ 1
2τFaσσ
aσαa
ατ
√
− deta−Bσ = −Bσ
(2.24)
and hence we obtain second primary constraint
Γσ ≡ pµτµντνρ∂σxρ +Bσ ≈ 0 . (2.25)
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As a result the extended Hamiltonian with all primary constraints included has the form
HE =
∫
dσ
(
λτ (pµh
µνpν + τ
2
Fhσσ)−Bτλτ −Bσλσ + λσpµhµνhνρ∂σxρ+
+ UτΓ
τ + UσΓ
σ + vBτ P
τ
B + v
B
σ P
σ
B + v
λ
τ P
τ
λ + v
λ
σP
σ
λ
)
.
(2.26)
Let us now analyze the requirement of the preservation of the primary constraints P τλ ≈
0, P σλ ≈ 0. In case of P τλ we obtain
∂τP
τ
λ = {P τλ ,HE} = −pµhµνpν − τ2Fhσσ +Bτ =
= −pµhµνpν − τ2Fhσσ + 2τFpµτµaηabǫbcτ cρ ∂σxρ − 2τFΓτ ≈
≈ −pµhµνpν − τ2Fhσσ + 2τFpµτµaηabǫbcτ cρ ∂σxρ ≡ −Hτ ≈ 0
(2.27)
and also
∂τP
σ
λ = {P σλ ,H} = −pµ∂σxµ+pµτµντνρ∂σxρ+Bσ = −pµ∂σxµ+Γσ ≈ −pµ∂σxµ ≡ −Hσ ≈ 0 .
(2.28)
We see that the requirement of the preservation of the primary constraints P τλ ≈ 0 , P σλ ≈ 0
implies an existence of two secondary constraints:
Hσ = pµ∂σxµ ≈ 0 , Hτ = pµhµνpν + τ2Fhσσ − 2τF pµτµaηabebcτ cρ ∂σxρ ≈ 0 .
(2.29)
Further, since {P τB(σ),Γτ (σ′)} = δ(σ−σ′), {P σB(σ),Γσ(σ′)} = −δ(σ−σ′) we see that these
constraints are the second class constraints that can be explicitly solved for Bτ and Bσ.
Then these constraints vanish strongly and hence the Hamiltonian is linear combination of
the constraints
HE = λτHτ + λσHσ + vλτ P τλ + vλσP σλ . (2.30)
As the next step we should check that Hτ ≈ 0 ,Hσ ≈ 0 are the first class constraints. To
do this we introduce the smeared forms of these constraints
Tτ (N) =
∫
dσNHτ ,Tσ(Nσ) =
∫
dσNσHσ .
(2.31)
First of all we easily find
{Tσ(Nσ),Tσ(Mσ)} = Tσ(Nσ∂σMσ −Nσ∂σMσ) .
(2.32)
In case of the Hamiltonian constraints the situation is more involved since the explicit
calculation gives
{Tτ (N),Tτ (M)} =
∫
dσ(N∂σM −M∂σN)4τ2F pµhµνhνρ∂σxρ +
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+ 2
∫
dστF (N∂σM −M∂σN)pµV µνhνωpω +
+
∫
dσ(N∂σM −M∂σN)pρV ρσV σω∂σxω +
+ τ2F
∫
dσ(N∂σM −M∂σN)4τ2FV µν∂σxνhµρ∂σxρ ,
(2.33)
where we defined
V µν = −2τF τµaηabǫbcτ cν . (2.34)
To proceed further we calculate
4pµh
µνhνρ∂σx
ρ = 4τ2F pµ∂σx
µ − 4τ2F pµτµρτρν∂σxν ,
pρV
ρ
µV
µ
ν∂σx
ν = 4τ2F pµτ
µ
aτ
a
ν∂σx
ν = 4τ2F pµτ
µρτρν∂σx
ν ,
V µν∂σx
νhµρ∂σx
ρ = 0 , pµV
µ
νh
νωpω = 0 .
(2.35)
Collecting all these results together we finally obtain
{Tτ (N),Tτ (M)} = Tσ((N∂σM −M∂σN)4τ2F ) . (2.36)
Finally we also calculate Poisson bracket between Tσ(N
σ) and Tτ (M) and we find
{Tσ(Nσ),Tτ (M)} = Tτ (∂σMNσ −M∂σNσ) . (2.37)
These results show that Hτ ≈ 0,Hσ ≈ 0 are the first class constraints and the non-
relativistic string is well defined system from the Hamiltonian point of view.
Finally we also say few words about the gauge fixed theory. We showed above that the
Hamiltonian and spatial diffeomorphism constraints are the first class. Standard way how
to deal with such a theory is to gauge fix them. For example, we can impose the static
gauge when we introduce two gauge fixing functions
G0 = x0 − τ ≈ 0 , G1 = x1 − σ ≈ 0 . (2.38)
It is easy to see that Ga ≈ 0 are the second class constraints together with Hτ ≈ 0,Hσ ≈ 0.
Since then these constraints vanish strongly we can identify the Hamiltonian density on
the reduced phase space from the action principle
S =
∫
dτdσ(pµ∂τx
µ −H) =
∫
dτdσ(pi∂τx
i + p0) (2.39)
so that it is natural to identify −p0 as the Hamiltonian on the reduced phase space Hred =
−p0. The explicit form of the Hamiltonian follows from the Hamiltonian constraint that can
be solved for p0. Note also that Hσ can be solved for p1 as p1 = −pI∂σxI , I = 2, . . . , d−1.
– 7 –
3. Generalization: Non-relativistic p-brane
In this section we perform generalization of the analysis presented previously to the case
of non-relativistic p−brane. As the first step we determine an action for non-relativistic
p-brane in Newton-Cartan backgorund in the same way as in the string case. Explicitly,
we start with the relativistic p-brane action coupled to Cp+1 form whose action has the
form
S = −τ˜p
∫
dp+1ξ
√− detAαβ + τ˜p
∫
C(p+1) , Aαβ = Gµν∂αx
µ∂βx
ν , (3.1)
where ξα , α = 0, . . . , p label world-volume of p-brane and where
C(p+1) = Cµ1...µp+1dx
µ1 ∧ . . . dxµp+1 = 1
(p+ 1)!
ǫα1...αp+1Cµ1...µp+1∂α1x
µ1 . . . ∂αp+1x
µp+1 ,
(3.2)
where again ǫα1...αp+1 is totally antisymmetric symbol.
With the help of the action (3.1) we can proceed to the definition of non-relativistic
p-brane in Newton-Cartan background. As we have seen in case of the non-relativistic
string the requirement that the action for non-relativistic string should be finite select
two longitudial directions. Then we can deduce that in case of non-relativistic p-brane we
should select p+ 1 longitudial directions. Explicitly, we presume that in case of the probe
p-brane the background metric has the form
Gµν = E
a
µ E
b
ν ηab + E
a′
µ E
b′
ν δa′b′ =
= ω2τµν + hµν +
1
2
τ aµ m
b
ν ηab +
1
2
m aµ τ
b
ν ηab +
1
4ω2
m aµ m
b
ν ηab ,
(3.3)
where now a, b = 0, . . . , p and a′, b′ . . . = (p+1, . . . , d−1). Further, τµν and hµν are defined
as
τµν = τ
a
µ τ
b
ν ηab , ηab = diag(−1, . . . , 1) , hµν = e a
′
µ e
b′
ν δa′b′ . (3.4)
We also introduce their inverses with respect to their longitudinal and transverse dimensions
e a
′
µ e
µ
b′ = δ
a′
b′ , e
a′
µ e
ν
a′ = δ
ν
µ − τ aµ τνa , τµaτ bµ = δba , τµae a
′
µ = 0 , τ
a
µ e
µ
a′ = 0 .
(3.5)
In case of p+1-form C(p+1) we presume, with the analogy with the string case, that it has
the form
Cµ1...µp+1 =
(
ωτ a1µ1 −
1
2ω
m a1µ1
)
× . . .×
(
τ
ap+1
µp+1 −
1
2ω
m
ap+1
µp+1
)
ǫa1...ap+1 , (3.6)
where ǫa1...ap+1 is totally antisymmetric symbol. Now we are ready to define non-relativistic
limit of p-brane action. We start with the kinetic term and we obtain
SDBI = −τ˜pωp+1
∫
dp+1ξ
√
− deta− τ˜p
2
ωp−1
∫
dp+1ξ
√
− det aa˜αβ h¯αβ ,
(3.7)
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where a˜αβ is inverse to aαβ. In fact, it is reasonable to presume that aαβ = ∂αx
µηab∂βx
ν =
τ aα ηabτ
b
β since τ
a
α and ηab are (p+1)×(p+1) non-singular matrices. From the requirement
that the kinetic term is finite we have to perform following rescaling
τ˜pω
p−1 = τp . (3.8)
Further, the divergent term can be written as
τ˜pω
p+1
∫
dp+1ξ
√
− deta = τpω2
∫
dp+1ξ det τ bα , τ
a
α = τ
a
µ ∂αx
µ . (3.9)
Let us now concentrate on the second term in the action (3.1). If we express τ˜p using τp as
τ˜p =
1
ωp−1
τp we find that the only non-zero contribution comes from the product of τ
a
µ ’s
while remaining terms vanish in the limit ω →∞. Then we obtain
SWZ =
1
ωp−1
τp
∫
dp+1ǫα1...αp+1ωτ a1µ1 ∂α1x
µ1 . . . ωτ
ap+1
µp+1 ∂αp+1x
µp+1ǫa1...ap+1
= ω2τp
∫
dp+1ξ
1
p!
ǫα1...αp+1τ a1α1 . . . τ
ap+1
αp+1 = ω
2τp
∫
dp+1ξ det τ aα
(3.10)
and we again see that these two divergent contributions cancel. As a result we obtain well
defined action for non-relativistic p-brane in Newton-Cartan background
S = −τp
2
∫
dp+1ξ
√
− detaa˜αβh¯µν∂αxµ∂βxν . (3.11)
Now we proceed to the Hamiltonian formulation of this theory. With the analogy with the
string case we write the action as
S =
∫
dp+1ξ
(
1
4λτ
(∂0x
µ − λi∂ixµ)hµν(∂0xν − λj∂jxν)− λττ2p detaijaijhij
+B0
(
λ0 −
√− deta
2τp detaij
)
+Bi(λi − ai0)
)
,
(3.12)
where
λi = aijaj0 , aija
jk = δki . (3.13)
In order to see an equivalence between the action (3.12) and (3.11) we note that the inverse
matrix a˜αβ to the matrix aαβ has the form
a˜00 =
detaij
det a
, a˜0i = −a0kakj detaij
det a
,
a˜i0 = −aikak0detaij
det a
, a˜ij = aij +
det aij
deta
aikak0a0la
lj ,
(3.14)
where aijajk = δ
i
k. Then the equation of motion for B
0 and Bi imply
λ0 = −
√− det a
2τp det aij
, λi = a0i . (3.15)
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Inserting this result into (3.12) we obtain that it is equal to the action (3.11). Let us now
return to the action (3.12) and determine conjugate momenta from it
pµ =
∂L
∂(∂0xµ)
=
1
2λτ
h¯µν∂0x
ν − λ
i
2λτ
h¯µν∂ix
ν −Bτ 1
2τp detaij
τµν∂αx
ν(a−1)α0
√
− det a−Biτµν∂ixν ,
P0 =
∂L
∂(∂0λ0)
≈ 0 , Pi = ∂L
∂(∂0λi)
≈ 0 , PB0 =
∂L
∂(∂0B0)
≈ 0 , PBi =
∂L
∂(∂0Bi)
≈ 0 .
(3.16)
From the same reason as in case of the fundamental string we have to restrict to the case
m aµ = 0 so that h¯µν = hµν . Then if we multiply (3.16) with h
µν we obtain
(
pµ +
λi
2λτ
hµρ∂ix
ρ
)
hµν
(
pν +
λj
2λτ
hνσ∂jx
σ
)
=
1
4(λτ )2
∂0x
µhµν∂0x
ν .
(3.17)
On the other hand let us multiply both sides of (3.16) with τµντνρ∂ix
ρ and we obtain
pµτ
µντνρ∂ix
ρ = −Bτ 1
2τp det aij
∂ix
µτµν∂αx
νaα0
√
− deta− ∂ixµτµν∂jxνBj = −aijBj
(3.18)
that imlies p−primary constraints
Σi ≡ pµτµντνσ∂jxσaji +Bi ≈ 0 .
(3.19)
On the other hand let us multiply (3.16) with following expression
1
p!
τµaη
aa1ǫa1...ap+1τ
a2
ν2
. . . τ
ap+1
νp+1 ǫ
j2...jp+1∂j2x
ν2 . . . ∂jp+1x
νp+1 . (3.20)
Then using the fact that
∂ix
ντνµτ
µ
aη
aa1ǫa1...ap+1τ
a2
ν2
. . . τ
ap+1
νp+1 ǫ
j2...jp+1∂j2x
ν2 . . . ∂jp+1x
νp+1 = 0 ,
1
p!
a0α∂αx
ντνµτ
µ
aη
aa1ǫa1...ap+1τ
a2
ν2
. . . τ
ap+1
νp+1 ǫ
j2...jp+1∂j2x
ν2 . . . ∂jp+1x
νp+1
√− det a
det aij
=
= − 1
(p+ 1)!
ǫa1...ap+1ǫ
j1...jp+1τ a1ν1 ∂α1x
ν1 . . . τ
ap+1
νp+1 ∂αp+1x
νp+1
1
det τ aα
= −1
(3.21)
we obtain second primary constraint
Σ0 ≡ 2τppµ 1
p!
τµaη
aa1ǫa1...ap+1τ
a2
ν2
. . . τ
ap+1
νp+1 ǫ
j2...jp+1∂j2x
ν2 . . . ∂jp+1x
νp+1 −B0 ≈ 0 . (3.22)
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Using all these results we determine extended Hamiltonian with all primary constraints
included in the form
HE =
∫
dpξ(λ0pµh
µνpν + λ
ipµh
µνhνσ∂ix
σ + λττ2p det aija
ijhij −
−B0λτ −Biλi + v0P0 + viPi + v0BPB0 + vBi P iB +Ψ0Σ0 +ΨiΣi) .
(3.23)
Since
{
PB0 (ξ),Σ
0(ξ′)
}
= δ(ξ − ξ′) ,{P iB(ξ),Σj(ξ′)} = −δijδ(ξ − ξ′) we see that that PB0
together with Ψ0 are the couple of p+1 second class constraints. Then we can solve these
constraints with respect to B0, Bi and we we obtain the Hamiltonian in the form
HB =
∫
dpξ(λ0H0 + λiHi + v0P0 + viPi)
(3.24)
where
H0 = pµhµνpν + τ2p detaijaijhij −
− 2τppµ 1
p!
τµaη
aa1ǫa1...ap+1τ
a2
ν2
. . . τ
ap+1
νp+1 ǫ
j2...jp+1∂j2x
ν2 . . . ∂jp+1x
νp+1 ≈ 0 ,
Hi = pµ∂ixµ ≈ 0 .
(3.25)
Then the requirement of the preservation of the constraint P0 ≈ 0 , Pi ≈ 0 implies p + 1
secondary constraints
H0 ≈ 0 , Hi ≈ 0 . (3.26)
Now we have to check that these constraints are the first class constraints. We introduce
their smeared form
TT (N) =
∫
dpξNH0 , TS(N i) =
∫
dpξN iHi (3.27)
and calculate corresponding Poisson brackets. First of all we have
{
TS(N
i),TS(M
j)
}
= TS(N
j∂jM
i −M j∂jN i) .
(3.28)
In case of the calculation of the Poisson brackets between TS(N
i) and TT (M) we have to
be more careful. First of all we have
{
TS(N
i), τ ai
}
= −Nk∂kτ ai − ∂iN jτ aj , τ ai ≡ ∂ixµτ aµ . (3.29)
Then we obtain
{
TS(N
i),aij
}
= −Nk∂kaij − ∂iNkakj − aik∂jNk ,{
TS(N
i),aij
}
= −Nk∂kaij + ∂kN iakj + aik∂kN j ,{
TS(N
i),det aij
}
= −Nk∂k(det aij)− 2∂iN i det aij .
(3.30)
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Using also the fact that
{
TS(N
i), ∂ix
µ
}
= −Nk∂k(∂ixµ)− ∂iNk∂kxµ ,{
TS(N
i), hij
}
= −Nk∂khij − ∂iNkhkj − hik∂jNk
(3.31)
we finally obtain{
TS(N
i),det aija
klhkl
}
= −Nk∂k(detaijaklhkl)− 2∂iN i detaijaklhkl . (3.32)
Let us introduce following vector
V µ = −2τp 1
p!
τµaη
aa1ǫa1...ap+1τ
a2
ν2
. . . τ
ap+1
νp+1 ǫ
j2...jp+1∂j2x
ν2 . . . ∂jp+1x
νp+1 . (3.33)
Then after some algebra we obtain
{
TS(N
i), V µ
}
= −Nk∂kV µ − 2∂kNkV µ . (3.34)
Collecting all these results together we finally find
{
TS(N
i),TS(M)
}
= TT (N
i∂iM − ∂iN iM) . (3.35)
Finally we calculate Poisson brackets of the smeared forms of Hamiltonian constraints and
we obtain
{TT (N),TT (M)} =
∫
dpξ(N∂iM −M∂iN)4τ2p det aijaijpµhµνhνσ∂jxσ +
+ 2τp
∫
dpξ(N∂iM −M∂iN) 1
(p − 1)!pντ
ν
aη
aa1ǫa1...ap+1τ
a2
µ τ
a3
ν3
. . . τ
ap+1
νp+1 ×
× ǫij3...jp+1∂j3xν3 . . . ∂jp+1xνp+1V µ .
(3.36)
Then after some lengthy calculations we find that the last expression is equal to
4τ2p (N∂iM −M∂iN)aijpµτµντνσ∂jxσ detaij . (3.37)
Inserting this result into (3.36 we obtain final result
{TT (N),TT (M)} = TS((N∂iM −M∂iN)4τ2paij det aij) . (3.38)
These results show thatH0 andHi are the first class constraints that reflect diffeomorphism
invariance of non-relativistic p-brane.
4. Conclusion
In this paper we formulated non-relativistic actions for string and p-brane in Newton-
Cartan background. Then we found their Hamiltonian formulations and we determined
structure of constraints in the special case where the gauge field m aµ is zero. We argued
– 12 –
that we restricted to this case since we were not able to express time derivatives of xµ or
their combinations as functions of canonical variables in the case when m aµ 6= 0. Certainly
this more general case deserves further study. One possibility is to address this problem
from different point of view when we start with the Hamiltonian formulation string in
general background, then we perform limiting procedure on the background metric and
NSNS two form field and derive corresponding Hamiltonian. This problem is currently
under study and we hope to report on this analysis in near future.
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